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Prediction in animal production models based on the allometric hypothesis 
when the size variable is random 

A.B. PLEASANTS , G.C . WAKE’, A.L. RAE2 

Whatawhat a Researc h Centre , Agresearch , Hamilton , New Zealand. 

ABSTRACT 

The expecte d value of the solutio n of the differential equatio n arisin g from the allometri c hypothesi s whe n the variable s are random 
is found . This solutiondiffer s from the deterministi c solution , so tha t prediction s usin g the altometri c equatio n which ignore the stochastic 
natur e of the differentia l equatio n are biased. 

Whe n leas t square s estimatio n is carrie d out usin g the deterministi c solution , ignoring the stochasti c natur e of the size variable , the 
estimateoftheconstantcoefficien t oftheallometricequationmay beseverel y biased . Anexampleshow s mild bias inestimatesofthematurity 
parameter , but large bias in the estimat e of the constan t coefficient. 

To obtai n unbiase d estimate s of the parameter s in the allometri c equatio n a factorequa l to the reciproca l of the squar e of the size variable 
mus t be adde d to the usua l log-log regressio n use d to calculat e estimate s of the parameters. 

Thes e result s hav e applicatio n to model s base d on the allometri c hypothesis , in particula r model s which are use d in studie s of carcass 
compositio n an d the descriptio n of maintenanc e requirement s in anima l nutrition. Whe n thes e model s are use d for predictio n the y nee d to 

’ be modified to accoun t for an y rando m variatio n occurrin g in the size variable. 

Keywords: allometric , size variable , stochastic , estimators , bias. 

INTRODUCTION 

Huxley, (1932 ) formulate d the allometri c hypothesi s to 
describ e the relationship s betwee n the component s of biologi- 
ca l organisms . He inferre d tha t in orde r to cop e with the 
physica l environmen t the relative growth of an orga n of an 
anima l is in constan t proportio n to the relative growth of the 
animal . Thus the growth of bon e of an anima l would be in 
som e constan t proportio n to the growth of the whole animal. 

Becaus e of the perceive d fundamenta l natur e of the 
allometri c hypothesi s a s an organisin g principle in animal 
structure , the allometri c equatio n ha s becom e the basi s for 
compute r model s of carcas s compositio n for farm animals. 
The role of thes e model s is to predic t carcas s composition 
whe n variou s anima l managemen t strategie s are applied. 

Two type s of allometr y are distinguished , growth 
allometr y an d size allometr y (Sprent , 1972) . Growth allometry 
refer s to a sequenc e of ObSeNatiOnS mad e on organ s of the 
sam e anima l throug h time. Size allomett y refer s to a serie s of 
observation s mad e on the organ s of differen t animals , usually 
a t the sam e time whe n eac h anima l would be a t a different 
stag e of maturity . Thes e measurement s are combine d to make 
inference s abou t developmen t in the populatio n of animals 
from which the sampl e was drawn. 

It is importan t tha t the rando m natur e of the variables 
involved in the allometric equatio n be take n into account, 
particularl y for size allometr y which mus t conside r the effect 
of variatio n betwee n animal s on the allometri c hypothesis. 

This pape r report s the result s of a theoretica l investigatio n of 
this problem. 

THE STOCHASTI C ALLOMETRIC EQUATION 

The allometri c hypothesi s state s tha t the relative growth 
of an orga n (part ) is directly proportiona l to the relative growth 
of the organis m (whole). 

One tool for expressin g suc h a hypothesi s in mathemati- 
ca l term s precis e enoug h to stud y the consequence s is a 
differentia l equation . The consequence s are derive d from the 
solutio n of the differentia l equation , an d ca n be evaluate d for 
agreemen t with reality. 

The differentia l equatio n of the allometi c hypothesis 
ca n be derive d a s follows: Let y be the weigh t of the part(eg. 
lea n weigh t in an anima l carcass) , an d x be the weigh t of the 
whole (eg . carcas s weight) . The instantaneou s growth rates 
are dy/dt an d dx/dt wher e t is time. The specifi c growth rates 
are in eac h cas e l/y dy/dt an d l/x dx/dt. 

The allometri c hypothesi s state s simply tha t thes e two 
specifi c growth rate s are proportiona l to eac h other ; ie. 

1 4& =k & (1) 
y dt xdt 

wher e k is the constan t of proportionalit y betwee n the 
par t (y) an d the whole (x), often calle d the maturity , or the 
maturin g rate. 

In mos t application s interes t is in the relationshi p be- 
twee n y an d x, not involving the independen t variabl e time. 
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Thus time can be eliminated from equation (1) to give: 

&! = B (2) 
dY x 

The solution of equation (2) is by separation of variables 
(see for example Zill, 1979) to give: 

Y =QxQ (3) 
where a is the constant of integration. 

Equation (3) is commonly referred to as the allometric 
equation, and the impression may sometimes be given that 
this equation is fundamental. This is misleading. The differ- 
ential equations (1) and (2) are the fundamental equations of 
allometry because these equations express the allometric 
hypothesis precisely. Equation (3) merely defines the conse- 
quences of this definition. Extensions to the allometric hy- 
pothesis should proceed from equations (1) and (2), not from 
equation (3). 

However, when the variables involved in the allomettic 
hypothesis are random then equations (1) and (2) become 
stochastic differential equations. The solution of a stochastic 
differential equation is, in general, not the same solution as 
for its’ deterministic counterpart. 

Pleasants et al., (in press) have shown that the solution 
of the expected value (mean) of the stochastic differential 
equation (2) is: 

k(k-1) (k-2) n’ 
y-&e 42 (4) 

Estimation of the Parameters of the Allometic 
Equation 

When fitting the deterministic allometric equation (3) to 
data it is usual to transform the nonlinear equation to a linear 
equation by taking logs, thus: 

lny- lna+klnx 
This model may be fitted by ordinary linear regression. 
However this formulation assumes that the deviations 

of observations from the equation are multiplicative rather 
than additive. This may not be a reasonable assumption in 
some circumstances. If additive deviations are assumed then 
equation (3) must be fitted with a nonlinear regression. 

Pleasants etal., (in press) have shown that when the size 
variable is random, but the coefficient of variation of the size 
variable is constant, then : 
1. 

2. 

3. 

Estimates of the integration constant a are severely 
biased when k does not equal 0,l or 2 under additive and 
multiplicative errors. 
Estimates of the maturity k are unbiased under additive 
errors. 
Estimates of the maturity k are biased under multiplica- 
tive errors unless k equals 0, 1 or 2. 

When the coefficient of variation of the size variable is 
not constant then both k and a will be biased under both 
additive and multiplicative errors. 

Equation (4) suggests that unbiased estimates of the 
parameters of allometry can be found by fitting the multiple 
regression equation (for multiplicative errors) 

lny=a+klnx+z 
xt 

Similarly for additive errors equation (4) can be used 
directly. 

Pleasants et al - STOCHASUC ALLOMETRIC EQUATION 

To illustrate these issues results from a study by Butler- 
Hogg, (1984) into carcass composition of lambs were used to 
construct simulated data for an allometric equation having 
parameters a = 0.05, and maturity k = 1.5. Carcass weights 
were simulated from a normal probability distribution with a 
standard deviation of 3 kg. The error structure was additive. 

Using least squares to estimate the coefficients of the 
allometric equation without taking account of the random 
nature of the size variable yields estimates of a = 0.09, and k 
= 1.3 + 0.07. Both parameters are biased, especially the 
parameter a. Adding the reciprocal of the square of x to the 
regression equation produced estimates of a = 0.04 and k - 
1.5 + 0.25, which are both close to the values used in the 
simulation. 

DISCUSSION 

The allometric principle is the basis for statistical mod- 
els which describe changes in carcass composition of domes- 
ticanimals(Butler-Hogg, 1984; Seebeck, 1983; KorveretaL, 
1987). When the parameters of these models are estimated 
ignoring the random nature of the size variable the resulting 
bias, especially in the estimation of the integration coefficient 
a will ensure systematic errors of prediction in the model. 
This problem will be compounded when predictions are to be. 
made far from the mean of the statistical model used to obtain 
the estimates. 

When models designed to predict carcass composition 
are based on the allomehic hypothesis (Keele et al., 1992; 
Williams etal., 1992; Emmans, 1988), error will arise if the 
estimates of the parameters of these models have ignored any 
randomness in the values of the size variable. 

When the size variable in an allometric model is random 
the regression equation used to estima,te the allometric pa- 
rameters should include a term in the reciprocal of the square 
of the size variable. If the range of the size variable in an 
experiment is small then multicollinearity problems may be 
encountered due to a high correlation between the log of the 
size variable and the reciprocal of the square of the size 
variable. In this case it may be advisable to regress on the 
Principal Components (Wonnacott and. Wonnacott, 1979). 

The model used to describe maintenance energy in 
animal nutrition has the same general form as the allometric 
hypothesis. The heat generated in m.aintaining a resting 
animal is considered to be proportional to the change in 
volume of the animal relative to a change in the surface area 
of the animal. Treating an animal as an approximate cylinder, 
and considering a proportional relationship between relative 
rates of change, the hypothesis suggests that the maihtenance 
energy should be related to animal liveweight (w) by: 

energy intake = cwk 
where c and k are parameters to be estimated. 
The parameter c in this relationship is the maintenance 

energy which is the proportion of energy intake not used for 
lactation, growth etc. It is estimated by partitioning the 
energy intake amongst lactation, growth etc. and wk for a 
number of animals of differing liveweight. Thus liveweight, 
the size variable, is stochastic. Therefore from the results 
summarised in this paper it would b: expected that the 
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coefficient of maintenance c would be biased. The example 
suggests that this bias may be very substantial, and therefore 
very misleading about animal nutrition. The review of Joyce 
et al., (1975), which quotes large variances in the estimates 
of the maintenance coefficient over a number of trials, would 
support the existence of bias in the estimates of this param- 
eter. 

The formulation of this problem at the fundamental 
level of differential equations has enabled modifications to 
the allometric state equation to be found. This illustrates the 
value of using this kind of formulation in agricultural systems 
generally. Agricultural problems involving dynamical sys- 
tems can be analysed and understood very well with this 
approach in either a deterministic or stochastic way. We 
believe this approach is under utilised at present, yet holds 
great promise. 
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